MODULE 12: ARITHMETIC AS THE GATEWAY TO ALGEBRA 


Suppose a geography teacher wanted to test to 
see whether the class knew that Sacramento was the 
capital of California. In terms of a fill-in-the- 
blank question, the instructor could ask either: 

_ is the capital of California. (1) 

or 

Sacramento is the capital of _. (2) 

Filled in correctly, both (1) and (2) would read: 

Sacramento is the capital of California. 

Rut there is a tremendous psychological difference 
between (1) and (2), In (1) we see "California” and 
when we think of California we are more likely to 
think of Los Angeles, San Diego, San Francisco, or 
Hollywood than we are to think of Sacramento. In (2), 
however, we see "Sacramento" and when we think of 
Sacramento we most likely will think of California. 

So while both questions test for the same 
information, the likelihood of getting the right 
answer depends on which name is replaced by the blank. 
It is in exactly this same iday that we may vi*ew the 
difference between arithmetic and algebra! In terms 
of "fill-in-the-blank" arithmetic and algebra are two 
different ways of viewing the same piece of information. 

For example, suppose an arithmetic teacher wants to 
test the class on the number fact that 3+8 ■ 11. 


In other words 3 the students 
will probably do better with 
(2) than with (1). They 
might say 3 "Oee 3 I didn f t 
know that Sacramento was the 
capital of anything y but see¬ 
ing that it f s in California, 

I guess n California v is the 
answer to the question ." 


Indeed,, as we shall soon see 3 
we 9 ve already done some 
algebra is this course! 
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The teacher could ask either: 

3 + 8 = _ (3) 

or 

3 +_ “11 (4) 

Filled in correctly, both (3) and (4) would state 
that 3 + 8 = 11. However (3) looks like an addition 
problem, and it is an addition problem; but while 
(4J may look like an addition problem, it ie really 
a subtraction problem. One way to help visualize 
the difference between (3) and (4) Is in terms of 
a hand calculator. Suppose, for example, that you 
didn’t know what addition meant but that you could 
press the appropriate buttons on the calculator. 
Given (3), you would simply apply the following 
steps. 

1. Press "3" 

2. Press "+" 

3. Press "8" 

4. Press 

5. The answer (11) now appears in the 
calculator’s display. 

But if you applied the same procedure to (4), 
you'd run into trouble when you got to the blank. 

Roughly speaking we call it an arithmetic 
problem if we can get the correct answer just by 
entering the given symbols in the correct order into 
the calculator. If we can’t do this, then we call 
the question an algebra problem. 


(4) asks us to find the 
number we must add to 3 to 
get 11 as the sum. This 
number is represented by 
11 - 3. 


All you're doing here is 
to simply press the symbols 

in "3 + 8 = _ " in the 

given order to get the 
answer. That is: 


l t 1 T 


1 -*> 2 -*• 3 -*- *» 


In other words, if the blank 
stands by itself and the 
addition is only applied 
to the numbers, it is an 
arithmetic problem. But if 
one of the sujmards is the 
"blank" then it is an 
algebra problem. 
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Example 1 

Fill in the blank: 


_ X 6 = 180 

We’re looking for the number we must 
multiply by 6 to get 180 as the product♦ 
That is, the number we want is 180 t 6 
or 30. 


Answer: 30 


We are not multiplying 180 
by 6. If we were it would 
be the arithmetic problem: 
180 X 8 = 



********************************************* 
\ Key Point * 

* _ X 6 = 180 (5) J 

* 
* 
* 
* 
* 
* 
* 
4 
* 
* 
4 
* 
4 
4 
4 
* 
4 

******************************************** 


Key Point 

_ X 6 = 180 (6) 

and 

180 t 6 -_ (6) 

are different ways of asking for the 
same number . The difference is that 
(5) is an algebra problem* while (6) 
is an arithmetic problem . 


(6) can be done on the hand 
calculator gust by entering 
the symbols in the given 
order , but in (5) one of the 
factors is the blank—and 
we can f t multiply a number 
by a blank on the calculator 


Example 2 

Rewrite _ t 4 = 28 as a fill-ln-the-blank 

problem that can be done directly with the 


hand calculator. 

In the language of long division the 
problem is: 28 

4 ) _ 

Recall that the check for division is 
the product of the quotient (28) and the 
divisor (A) must equal the dividend (_ 


Answer: 28 X 4 =_ 

Note that by the cormutative 
property of multiplication 
the answer can be written as 
4 X 28 - _ 

She answer is not 7 . If we 
replace the blank by 7 we 
get the false statement: 

7 t 4 = 28 

» That :1s. 


28 X 4 = _ 

In Example 2 we started with a problem that couldn’t 
be done In the given form with the calculator and 


We can use the calculator 
to get 28 X 4 = 112 and thus 
fill in the blank, but this 
isn 9 t what the example asks 
us to do . 


converted into an equivalent problem that could be 


o 
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done directly on the calculator. When we do 
this we are doing algebra. 

Rather than use blanks (which, among other things 
might be confused with minus signs) in algebra, we 
use letters of the alphabet. For example, rather than 

write 3 + 8 5 _, we might write 3 + 8 = n. When we 

write 3 -f 8 a n, we obviously do not say M Fill in the 
blank”. Instead we say ”For what value of n is 
3 + 8 = n a true statement?” Sometimes this is 
abbreviated simply by the command "Find n” or 
“Solve for n”. 

Example 3 

Solve for n if 11 X 6 B n, 

The n stands for a blank. This the 

question could have read: 11 X 6 - _. 

Since 11 X 6 = 66, we say that n = 66. 

To solve for n in Example 3, required only that 
we find the product of two numbers. This can be done 
directly on the calculator. Hence solving 11 X 6 = n 
for n Is basically an arithmetic problem even though 
the n may make it look like an algebra problem. 

Examp le 4 

Solve for t if 15 + 7 - t. 

In terms of a blank we have 
15 + 7 «= _ 

and since 15 + 7 * 22, we write t ^ 11. 


"Fill in the blank " is itself 
an abbreviation for asking: 

"What word(s) must rep lace 
the blank to give us a true 
statement? n 


Answer: n = 66 

When we say n = 66 we mean 
that n stands for 66. That 
is 3 if we replace n by 66 
11 X 6 = n becomes the true 
s-tatement 11 X G = 66 


Some people like to call it 
"algebra " as soon as letters 
replace blanks . I prefer 
to think of 11 X 6 = n as 
arithmetic problem because 
we can solve for n without 
having to know anything but 
the multiplication table . 

Answer: t = 22 


In other words if we replace 
t by 22 in 15 + 7 = t we get 
the true statement 15 + 7 = 22. 
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Example 4 Is only trying to emphasize that it is 
not important what letter we use to replace the blank. 
What is important la that we recognize that the letter 
stands for the blank. In a sense, both the letter 
and the blank are "place holders " that hold the place 
of the number that makes the statement true. 


Instead of asking "Sacramento 

is the capital of _", 

we could have askedj "Solve 
for n if 'Sacramento io the 
capital of n* is to be a 
true statement" 


Example 5 

Solve for q if 34 4- q ■ 70. 


Answer: q = SB 


If we replace q by a blank we have 
34 +_ = 70 

In turn this tells us that we want the number 


we must add to 34 to get 70 as the sum. Since 
34 + 36 » 70, the answer is 36. In other words, 
we must replace a by 3d in order that 54 + q = 70 


That is 3 54 + _- 70 is 

equivalent to 70 - 34 - __ 

This is what we were doing 
in problems such as Example 2 


become a true statement. 


Note: 

If you wrote the answer as q = 104 you solved 
the wrong problem, q • 104 is the answer to 
Z4 + 70 = q which is quite different from 
34 + q =70. 

Example 5 illustrates what we mean by algebra. To 
solve 34 + q - 70 directly by arithmetic, we rewrote 
the problem as 70 - 34 = q. While q appears in both 
34 + q = 70 and 70 - 34 = q, we call 34 + q « 70 an 
algebra problem, but we call 70 - 34 * q an arithmetic 
problem. 

Perhaps a little new vocabulary will make the idea 


In an equality it makes no 
difference which number ve 
write first. For example we 
may write either 3+2-5 
or 5 = 3 + 2. For this 
reason 70 - 34 = q is often 
written as q = 70 - 34. 


clearer. 


o 
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********************************************* 
* * 


t 
* 
* 
* 
* 

* 
* 
4 
* 
* 

numbers, we edit it a numerical aquation .\ 

* 
* 
* 
* 
* 


Some New Vocabulary 

Any statement expressing the equality 
of two or more quantities is called an 
equation . 

Cl) If the equation involves only 


For example, 3 + 8 = 11 is a numerical 
equation. 

(2) If an equation involves a letter but$ 
the letter is not used in the arithmetic,% 
We call it an arithmetical equation . 

For example , 3 + Q = novn**2 + 8 are 
arithmetical equations * 

(3) If the letter is used as part of 
the arithmetic we call the equation an 
algebraic equation . For example, 

3 + n = 11 is called an algebraic 
equation. 


******************************************** 


Example 6 

Which of the following Is an algebraic 
equation: 

(a) 15 X 6 = 90 

(b) 15 X m = 90 

(c) 15 X 6 * m 

(d) m = 15 X 6 


To be an algebraic equation the equation 
has to involve a letter that is used in the 
arithmetic. This eliminates 15 X 6 ■ 90 
because no letter are involved. It also 
eliminates both 15 X 6 = m and m = 15 X 6 
because the only arithmetic involves multiplying 
the number 15 by the number 6. 

In (b), however, the multiplication involves 
the number 15 and the letter m. This is the 
requirement for an algebraic equation. 


The word "equation " has the 
same, origin as the word 
"equal" 


2 + 8 = 11 is always a true 
statement. So we sometimes 
call it an equality. On 
the other hand, 3 + 8 = n is 
true only on the condition 
that n is 11. For this 
reason we call 3 + 8 = n a 
conditional equation. 

3 + n = 11 is also true only 
under the condition that 

n is 8. So we call 3 + n = ll 
a conditional equation also. 


Answer: (b) 


18 X 6 = m and m = 15 X € 
mean exactly the same thing. 
In either case we solve for 
m by multiplying 15 and 6. 
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Equations, both arithmetical and algebraic, often 
arise from formulas. Recall, for example, the 
formula that relates the marked price to the total 
cost Including tax if the tax is 5% of the marked 
price. In words, we have: 

Step 1 ; Start with the narked price, which 
we’ll denote by M. 

Step 2 : Multiply the number in Step 1 
by 1.05. 

Step 3 : The answer in Step 2 is the total 

price including the tax. We denote 
it by T. 

The algebraic formula that represents Steps 1 
through 3 is simply: 

MX 1.05 = T (7) 

If we're given the value of M in (7) and want to 
find the corresponding value of T, we replace M by its 
given value and solve the resulting arithmetical 
equation. 

Example 7 

Given the formula MX 1.05 “ T, solve 
for T if M - 60. 

Being told that M = 60 means that we 
are to replace M by 60 in the formula. If 
we do this we get: 


We can use any letter but 
M esems to suggest marked 
priae. 

Steps 1 and 2 may be 
abbreviated by MX 1.05 

"ie" translates as "=" 

That is , ve may write the 
three steps as: 

M X 1.05 = r or T = MX1.05 

We chose T to suggest total 
cost. 


If the value of N changes 
so does the value of T. For 
this reason M and T are call¬ 
ed variables. When one of 
the variables is replaced by 
a numbery the formula becomes 
an equation , which can be 
solved for the other variable 


Answer: If M = 60, than 
T = 63. 

That is , T = 63 on the 
condition that M = 60. 


-12.7- 






X X 1.05 = T 

4r 

60 X 1.05 - T 

which Is an arithmetical equation and its 
solution is found by multiplying 60 by 1.05. 

Since 60 X 1.05 “ 63, the answer is T = 63. 
In words, if we start with 60 and multiply by 
1.05 the answer is 63. 

* 

However if we’re given the value, of T in 07) end 
are asked to find the corresponding value of M, we 
replace T by its given value, and solve the resulting 
algebraic equation. 

Example 8 

Given the formula MX 1.05 * T, solve 
for M if T ■ 84. 

In this case we start with MX 1.05 = T 

and replace T by 84 to get: 

M X 1.05 = T 

4 

M X 1.05 = 84 (8) 

(8) is an algebraic equation because 
the letter M is involved in the arithmetic. 

Since the answer is 84 after we multiplied 
by 1.05, before we multiplied by 1.05 the 
amount (M) must have been 84 divided by 1.05. 

That is, tie solve the algebraic equation 
M X 1.05 = 84 by converting it into the 
equivalent arithmetical equation 
M = 64 * 1.05 


That is, to find the value 
of T we need only multiply 
the numbers GO and 1.05 


1. Start with M . 60 

2. Multiply by 1.0b 

S. The answer is 60 X 1.05 
or 63. 


Answer: M = 80 


That is, M is being multi¬ 
plied by 1.05. 


This is another 'Way of saying 

that _ X 1.05 = 84 means 

the same as 84 1.05 = _ 
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We are now In a relatively good position to see 
where algebra fits into an arithmetic course. 

(1) The need for arithmetic arises when we are 
studying the relationship between one 
quantity (variable) and another quantity . 

(2) We begin by expressing the relationship 
mathematically. This relationship is called 
a formula. 

(3) Given the value of one of the variables, we 
put that value into the formula . This will 
result in a conditional equation. 

% 

(4) If the conditional equation ic arithmetical 
we solve it by doing the type of arithmetic 
we learned in the first eleven modules of 
this course. 

(5) However if the resulting equation is algebraic 
then we have to convert it into an equivalent 
arithmetical equation which we then solve by 
one of the techniques studied in the first 
eleven modules of this course. 

What makes algebra difficult is that many algebraic 
equations are sufficiently complicated that it requires 
great computational skill as well as mastery of many 
computational devices to convert the equation into an 
equivalent arithmetical equation. 

In this module we shall limit, uur study to a few 
of the less complicated techniques. In particular, 
we shall look at two general methods. Perhaps the 
best way to introduce these two methods is in terms 
of problems chat we can already solve. 


For example, we might study 
the relationship between the 
marked price and the total 
cost. 

For example, MX 1.05 = T 


M X 1.05 - ? 

'I' 

6 X 1.05 = T, sc we simply 
multiply 6 by 1.05 

M X 1.05 = T 

4 ' 

M X 1.05 = 21 is an algeb¬ 

raic equation that we con¬ 
vert into the equivalent 
arithmetical equation 
M = T * 1.05 


But the theory never changes. 
In algebra, we are always 
converting algebraic equa¬ 
tions into arithmetical 
equations. 


© 
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Example 9 


The variables b and c are related by the 
formula b ■ c + 4. Find the value of c 
when b = 9. 

Since we already have the formula that 
relates b and c, we replace b by 9 in this 
formula to get: 

b = c + A 

9 = c + 4 (9) 

This is an algebraic equation that can be 
converted into the equivalent arithmetical 
equation: 

9 - 4 = c (10) 

To solve (10), all we have to know is the 
arithmetic fact that 9 - 4 = 5. 

To get from (9) to (10), the strategy is to 
express c by itself on one side of the equation and 
have all the numbers on the other side. 


Answer: When b = 9, a = 5 

(That is o — S on the cond¬ 
ition that b = 9) 


That is, c ia the number 
which when added to 4 gives 
9 as the Bum. 


Check: b = c + 4 

4 4 

9=5+4 which ie 
true 


Note : 

Numbers like 4 and 9 are called constants 
because they remain the same throughout 
the problem. So our strategy ie to get 
the variable by itself on one side of 
the equation and to have all the constants 
on the other side. Once we've done this 
we have by definition an ari.thmetical 
equation. 


That is, if we change either 
b or c in the formula 
b = c + 4, the other changes. 
But 4 remains the same. It 
is constant. 


Looking at (9) we see that c appears only on the 


right hand side of the equation. But the constant 4 
is also on that side. We want c to appear by itself 
which means that wc want to "get rid of” the 4. Since 
the 4 is being added to c we "get rid of" it by 


For example if you have $10 
and add $4 you have $14. If 
you now subtract $4 from the 
$14 you have the ori-ginal 
$ 10 ." 


subtracting 4 from the left, side of the equation. 
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But an equation is like a halanced seesaw, 

Whatever you do on one side you have to do on the other 
if you want to maintain the balance. Hence if we 
subtract 4 from one side of equation (9) we also have 
to subtract 4 from the other side. If we do this 
we get: 


9 = c + 4 

-_4_ - 4 

5 = c 

Since the term "get rid of" is not too complimentary 
we shall refer to this process as the "undoing" method. 
The basic idea behind the undoing method may be summarized 
as follows: 

(1) To undo adding a number to one side of 
an equation 3 we subtract that number 
from both sides of the equation. 

(2) To undo subtracting a number from one 
side of an equation 3 we add that number 
to both sides of the equation. 

(2) To 'undo multiplying by a number on one 

side of an equation 3 we divide both sides 
of the equation by that number. 

(4) To undo dividing one side of an equation 
by a number 3 we multiply both sides of 
the equation by that number. 

(5) To undo squaring one side of an equation 3 
we take the square root of both sides of 
the equation. 

(6) To undo taking the square root of one 
side of an equation 3 we square both sides 
of the equation. 

Let'8 practice. 

Example 10 

Use the undoing method to solve the equation 

c - 7 = 11. 


We want c by itself on one side of the 
equation. It is already on the left hand 


So we got the 5 by computing 
9 - 4 3 which is exactly what 
(10) told us to do. 


Keep in mind, of course 3 
that we are still not allowei 
to divide by 0 . 


Recall that squaring a 
quantity means to multiply 
that quantity by itself. 


Answer: c = 18 

Check: c - 7 = 11 

4 

18-7-11 

(true) 
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side. But 7 is also or the left hand side 


of the equation, and we want c to be alone. 

Therefore we have to undo subtracting 7 from 
the left hand side of the equation. We do this 
by adding 7 to both sides of the equation and 
we get* 

c - 7 = 11 

4-7 +7 

c =18 

In using the undoing method it is not enough to 
see what number we want to undo. We must also see 
how this number is used in the arithmetic. 

Example 11 

Use the undoing method to solve the 

equation c X 7 ■ 56. 

Just as in Example 10, c already appears 
only on the left side of the equation and 7 
is still on the left hand side with c. But 
this time c is being multiplied by 7. To 
undo multiplying by 7 on one side of an equation 
we have to divide both sides of the equation 
by 7. In this case we get: 

(c X 7) 4 7 = 56 r 7 

c = 56 * 7 (11) 

c = 8 

Note that the undoing method converted 
the algebraic equation into (11) which is 
an arithmetical equation . 


See? Adding 7 "cancelled" 
the 7 from the left side and 
increased the right side by 
7. In essence , we converted 
the given algebraic equation 
into the arithmetical equa¬ 
tion: c - 11 + 7 


Anawer: c - 8 

The equation tells us that 
o is the number that we must 
multiply by 7 to get 56 as 
the product. This is the 
definition of 56 4 7. how¬ 
ever, the undoing method is 
showing us how to get this 
result in an automatic way. 


Vie're dividing the entire 
left hand side by 7. Since 
the left hand side is c X 7 
we enclose it in parentheses 
to remind us of this fact. 


Check: c X 7 = 56 

\ 

8 X 7 = 56 (true) 
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Some Special Notation in Algebra 

The multiplication symbol X can be con¬ 
fused with the letter X. So to avoid 
this possible confusion in equations, 
we do not use the multiplication 
symbol X. 

Rather than write, for example, 5 X c 
we write Be. In other words, whenever 
a constant appears next to a variable 
without an arithmetic symbol between 
them, it is understood that the oper¬ 
ation is multiplication. 


***********************************<********* 


Example 12 

In the formula W » 8P, find the value of 
W when P = 4. 


W - 8P is an abbreviation for W * 8 X P. 

If we replace P by 4, we get: 

W = 8 X P 
W - 8 X 4 

which is an arithmetical equation, from which 
it is easy to see that W = 32. 

CAUTION 

You must remember that 8P means we're 
multiplying 8 by P. You don’t want to 
replace P by 4 to get: 

W = 8P 
V - 84 

So it should be clear that when we mult¬ 
iply two constants we cannot simply 'write 
them side by side. If we did 8X4 would 
be confused with the place value numeral 
84. 


If we had c X 5, we might 
write thia as cS, but it is 
traditional to always write 
the constant factor, in ths 
case B, on the left. 'This 
is consistent with iur saying 
6 apples rather than apples 5 


Answer: When P = 4, W = 32 


Some people prefer to use 
parentheses to avoid this 
problem. Rather than write 
8P they write 8(P) and if 
we now replace P by 4 <we 
get 6(4). The parentheses 
keeps 8(4) from looking like 
84. Cither people use • to 
stand for multiplication. 
Rather than write 8F they 
would write 8*P. Now when 
F is replaced by 4 we get 
8 m 4. In this notation we 
must be careful not to con¬ 
fuse • with a decimal point. 
8.4 is not the same as 8‘4 


© 
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Example 13 


In the formula W = 8P, find the value 
of P when W = 72. 

In this case, we replace W by 72 to 

get: 

W - 8P 

or 

W = 8 X P 
4 

72 = 8 X P (12) 

(12) Is an algebraic equation that 
is equivalent to the arithmetical 
equation 

72 t 8 = P 

The solution of this equation is P * 9. 

Some of us are frightened by mathematical symbols. 
In this case, you might feel a bit tense with the 
symbolism involved in the undoing method. To help 
overcome this problem, there is another method that 
is more verbal. 

For example, the formula c + 4 * b might look 
like a foreign language to you. To see how to 
read a formula, we look for the variable (letter) 
that is involved in the arithmetic. In this case 
4 is being added to c. If the formula had been 
written in the form b “ c. + 4, we would still start 
with c because It is the letter that is involved in 
the arithmetic. So to translate the formula into 
" English" we'd begin by saying "Start with a" 


Answer: When W = 72 3 P = 5 


If you want to use the undo¬ 
ing method here , notice that 
8 is multiplying P cm the 
right side of the equation. 

To undo tkiSj we have to 
divide both sides of the 
equation by 8. The important 
point is that we're trying 
to solve the equation: 

?2 - 8 X 


That is, we don't want the 
variable that stands by it¬ 
self on one side of the 
formula. 


b = c + 4 
"Start with a" 
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Then we look to see what is being done to c. 

In this case we have c + 4, which we recognize as 
meaning that 4 is being added to c, So our second 
step in translating the formula would be to say 
"Add 4. 11 

The equal sign C*) is read as "Is" or "ifl equal to" 

So the final step would be to say "The answer is b" 

In summry b = o + 4 or equivalently c + 4 = b 

may be ti'anslaled into: 

Step 1: Start with c 

Step 2: Add 4 

Step 3: The answer is b 

Example 14 

Translate X = Y - 7 into a verbal 

formula* 

We begin by looking for the variable 
that is involved in the arithmetic. Since 
X stands alone, the variable we start with is Y. 

Y is on the right hand side of the equation* 
The only other number on that side is 7. Y - 7 
tells us that 7 is being subtracted from Y. 

So our second step is "Subtract 7". 

The other side of the equal side i9 X, So 
the last step Is "The answer is X" 

In this way the problem that asks "Given the formula 
X - Y - 7, find the value of X when Y ■ 15•” can be 
reworded as: "Start with 15. Then subtract 7* Then 
write the answer." 


Start with c 
4 

b = c + 4 
4 

Then add 4 

Start with c (1) 

4 

b = c + 4 

* Tiien add 4 (2) 

The answer is b (3) 


Answer: Step 

1: 

Start with Y 

Step 

2: 

Subtract 7 

Step 

3: 

The answer 
is X 


It may be more suggestive to 
rewrite the formula as 
Y - 7 « X 

This corresponds more to the 
natural order of the steps * 

Tnat is: 

(1) Start with Y (IS) 

(2) Subtract 7 (IS - 7) 

(3) The answer is Y (8) 


o 
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Using the verbal method gives us another way to 
visualize the undoing method. Namely, the undoing 
method means that we’re starting with the answer and 
we want to know what number would yield the answer. 

For example, in terms of Example 14, suppose we had: 

Step 1 : Start with a number (Y) 

Step 2 : Subtract 7 (Y - 7) 

Step 3 : The answer is 8 (X) 

What number did we start with? 

In such an event, we begin with the last step and 
retrance our steps, making sure to "undo''. That is 
we replace "add" by "subtract", "multiply" by "divide" 
and so on, until we get back to the original first 
step. This process is known as inverting the formula. 

By way of illustration, to invert the formula 
X = Y - 15, we have: 

"Original Formula" 

(1) Start with Y The answer is Y (3) 

•\r 

(2) Subtract 7 Add 7 (2) 

(3) The answer is X -*■ •* Start with X (1) 

t 

Inverse formula 

You shoular keep In mind that the verbal approach 
and the algebraic approach are different ways of 
representing the same ideas. So you should feel 
free to use whichever method is most comfortable 
for you. However, by understanding both approaches, 
you will have a better chance to really understand 
the meaning of a formula. 


See how this compares with 
Example 14? In Example 14 
we started with 15 and found 
that the answer was 8. Here 
we know that the answer is 
8 and we want to find the 
number we started with. 


So in symbols the inverse 
formula becomes: Start with 
X, add 7 (X + 7) y the answer 
is Y (X + 7 = Y or Y - X + 7) 

In essence all we've done is: 

X = Y - 7 

+_? +J_ 

X + 7 - Y 

While the algebraic way is 
much more concise , the 
verbal approach is often 
move intuitive , hence less 
threatening. 
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Example 15 

Invert the formula: 


Step 1: Start with q 
Step 2: Divide by 4 
Step 3; The answer is u 


We start at the last step and retrace 
our steps using the "undoing" language. 


(1) 

Start with q 

The answer is 


4 

\ 

(2) 

Divide by 4 -*-*«♦■ 

Multiply by 4 


\ 

t 

(3) 

The answer is u -*■ 

Start with u 



Answer: 

Step 1: Start with u 
Step 2: Multiply by 4 
Step 3: The answer is a 

(3) 

(2) 

The "undoing" step involves 
replacing "divide n by 
"multiply" 

(1) 


In the language of algebra the given 


formula is q t 4 = u. Inverting the formula 
means that ue want to express q in terns of u. 


Since q is being divided by 4 we undo this 
by multiplying both sides by 4 to get: 
q = u X 4 

or, as we agreed to do. 


Which is clearly the same as 
"Start with u, multiply by 4, 
and the answer is qf 


q = 4u 

Complications begin to set in when it takes 


more than one arithmetical computation to invert 
the formula. The point is that we still proceed 
by retracing our steps and using the "undoing" 
language. 

Let's look at an example that involves two 
arithmetical steps. 

You are ordering cheese from a mail order 
catalogue. The price is $4 per pound plus 
a shipping and handling charge of $3 per order. 
You decide to order 5 pounds of the cheese. 

How much will you have to pay for the order? 


As the number of steps 
increases, the need for a 
regular course in algebra 
also increases. But the 
meaning of algebra stays 
the some. 


© 
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Wellj each pound will cost $4. So to find the 
cost of 5 pounds we have to multiply $4 by 5, which 
gives us $20. Then we have to pay an additional $3 
to handle shipping. Therefore we add $3 to $20 and 
conclude that the order will cost us $23. 

In doing this problem, we used a relationship 
between the number of pounds of cheese we bought and 
the total ooet of the cheese. In particular, the cost 
of P pounds of cheese will be C dollars and the 
relationship is: 

Step 1 : Start with P (the number of pounds) 

Step 2 : Multiply by 4 (the cost per pound) 

Step 3: Add 3 (the shipping and handling charge) 

Step 4 : The answer is C (the total cost in dollars) 
Example 16 

Use the formula below to determine the 
value of C when P = 16. 

(1) Start with P 

(2) Multiply by 4 

(3) Add 3 

(4) The answer is C. 


We simply carry out the given steps In 
the given order, beginning with P = 16. 

That is: 

(1) Start with P (16) 

(2) Multiply by 4 (16 X 4 or 64) 

(3) Add 3 (64 + 3 or 67) 

(4) The answer is C (67) 

In terms of our cheese-catalogue illustration 
this tells us that 16 pounds of cheese will 
cost u$ $67. 


In the above illustration 
P was C. 

5 X 4 = 20 
20 + 3 = 23 
$23 


Answer: When P = 16, C = 67 


While the value of C depends 
on the value of P, 4 and 3 
are constants in this form¬ 
ula. /to matter what P is 
we multiply it by 4 and then 
add 3. 


-12.18- 






o 



Sometimes when we order we know how much we can 
afford to spend and we want to know how much we can 
buy for this amount. For example suppose we want to 
order the same cheese but we only had $35 to spend. 
We'd have to figure out how 1 many pounds we could buy 
for $35. This is the inverse of what we did before. 
Namely originally we started with the number of 
pounds we bought CP) and computed the total cost in 
dollars (C). This time we start with the number 
of dollars we want to spend (C) arid we want to compute 
the number of pounds we can buy for this amount (P). 
This involves being able to do the following example. 

Example 17 

Use the formula below to find the value 
of P when C = 35 

(1) Start with P 

(2) Multiply by 4 

(3) Add 3 

(4) The answer is C 


Here the number we're given goes in 
the last step. This tells us that we have 
to Invert the formula. That is, we have: 

(1) StarL with P 

(2) Multiply by 4 

(3) Add 3 

(4) The answer is 35. 

So we start with Step 4 and retrace our 
steps in the exact order as shown, using again 
the "undoing" language. 


Answer: When C = 3b, P = 8 


© 


-12.19- 



That is: 


(1) Start with P The r answer is P (8) 

4 t 

(2) Multiply by 4 "*■ *♦ + Divide by 4 (8) 

4 + 

(3) Add 3 ■*■'*■■*■■*'*■'*■ Subtract 3 (32) 

4 + 

(4) The answer is 35 -+Start with 35 (35) 

More generally, the Inverse formula Is: 

(1) Start with C (C = 35 was just for this 

example) 


(2) Subtract 3 

(3) Divide by 4 

(4) The answer is P 


Note : 

It is relatively easy to convert the 
verbal form into cot algebraic formula. 


For example: 

(1) Start with ?.P 

(2) Multiply by 4 .4P 

(3) Add 3 .(*P) + 3 

(4) The answer is .C = (4P) + 3 


If we wanted to undo 35 = (4P) + 3, we see 
that P is inside the parentheses. To undo 
adding 3 to 4P we subtract 3 from both sides 
of the equation to get: 

35 = (4P) + 3 
-_3 _ 

32 = 4P 

Finally since P is being multiplied by 4, 
we undo it by dividing both sides of the 
equation by 4 to get: 

32 4 4 = P 

Many beginning students get confused as to 
whether we first should subtract 6 or divide 
by 4. ’thinking of the formula verbally , and 
proceeding as we did in this example , usually 
helps to make things clearer. 

These Ideas are discussed more fully in an 

algebra course. For our purposes wc want only to 

emphasize the close bond between arithmetic and 


See the " undoing" language? 
We replaced "multiply" by 
"divide" and "add" by "sub¬ 
tract" 

Notice the importance of 
order. The last step we 
did in the original formula 
before writing the answer 
was to add 3. This becomes 
the first step in the "un¬ 
doing" process. That is, we 
got 35 after we added 3, so 
before we added the 3, we 
had 32 (that is , 35 - 3) 


The parentheses tell us 
that the 3 is added after 
We multiply P by 4. That is 
we consider everything 
within the parentheses to be 
one number. 


This agrees with the 
sequence of steps we already 
used. Namely we start with 
35 3 then subtract 3, then 
divide by 4 to get 8 as the 
answer. 


(4P) + 3 tells us that we 
first multiply by 4 and 
then add 3. Since adding 3 
was the last thing we didj ’ 
it is the first thing we 
undo. 


- 12 . 20 - 







o 



algebra. So we’ll conclude this module by presenting 
two practical examples in which formulas and the 
undoing method prove to be useful. 

Illustration 2: 

The Relationship between Fahrenheit and 

' Celsius Temperature Seales 

There are two common systems used for 


measuring temperature. The English system 
uses Fahrenheit degrees and the metric system 
uses Celsius degrees. Because most of us are 
used to Fahrenheit degrees, wc describe the 
formula for converting Fahrenheit readings to 
Celsius readings. 


You don't have to understand 
the formula in order to use 
it. Howeverj in the event 
you are interested, the 
derivation of this formula 
is in the appendix at the 
end of this module. 


Step 1 : Start with the Fahrenheit reading, F 
Step 2: Subtract 32* F - 32 

Step 3 : Multiply by |. |<F - 32) 

(If fractions still bother you, 
remember that multiplying by 5/9 
is the came as multiplying by S and 
then dividing by 9) 

Step 4 : The answer is the corresponding 
Celsius reading. i,. 

C = ^r(F - 32) 

if 

No te: 

If we started 'with C - |-(F - 32) and 
wanted to write the formula more verbally, 
we'd start with Fbecause it is involved 
in the arithmetic. Then because everything 
in parentheses is one quantity, we'd next 
subtract 32. Finally we’d multiply by ^ 
to get C; and this is exactly what Steps 1 
through 4 tell us. 


Remember that we don't 
***** j X (F - 32) 


For example to multiply 33 
by 5/9 means to take 5/9 of 
36. To do this we can div¬ 
ide 36 by 9 to get 4 and 
then multiply by 5 to get 
20. We could also multiply 
38 by 5 to get 280 and then 
divide by 9 to get 20. 


© 
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Example 18 

Use the formula C = —•(.F - 32) 

to find the Celsius temperature when 
the Fahrenheit temperature is 68 degrees. 

in terms of the formula> F stands for the 

Fahrenheit temperature. So we replace F by 

68 in the formula to get: 

C = |( F - 32) 

5 4 

= |{68 - 32) 

= f(36) = 



180 

9 

= 20 

In the more verbal form we have: 


(1) 

Start with F (68) 


(2) 

Subtract 32 (68 - 32 = 

36) 

(3) 

Multiply by | (| X 36 

* 20) 

(4) 

The answer is C (20) 



In using the formula that relates Fahrenheit 
degrees to Celsius degrees, keep in mind that the 
answer need not be a whole number. 

Example 19 

Convert 80®F into the Celsius scale. 

The formula remains the same. We 
start with the Fahrenheit reading, which in 
this case is 80. Then we subtract 32 to get 
58. Then we multiply 58 by to get: 


Answer: When F = 68, C = P.0 

We sometimes say that 68'P 
is the same as 20°C 


Since 68 - 32 is within the 
parentheses, we treat it as 
one number. That is, we 're 
taking 5/9 of (68 - 32). 

We are not subtracting 32 
from 5/9 of 68. 


Ike first method is stressed 
in most algebra courses. 
Because this is still an 
arithmetic course, we prefer 
to emphasize the arithmetic 
by using the verbal form. 


Answer: 80°F = 26~°C 

Tf you used a calculator the 
answer may have come out in 
a form like 26.66667. 


-12.22- 





o 


|x 58 * 

5 Y 58 . 

9 X 1 

240 26R6 = 2 &| - 2b| 

9 )240 

- 18 



6 


In algebraic form, we have: 

C - |(80 - 32) 

= f (58) 

■ X 58, which Is an arithmetical 


In taking 5/9 of a number 
it ia easier to first divide 
by 9 if the number ie a 
multiple of 9. If the num¬ 
ber is not a multiple of 9 
(as is the ease with 68) it 
easier to multiply hy 5 
first. In this way we don't 
have to use mixed numbers 
until the last step. 



equation. 

The trickier part is to invert the formula 
in the case where we’re given the Celsius reading (C) 
and we want to find the Fahrenheit reading (F) 

Example 20 

What is the Fahrenheit reading if the 
Celsius reading is 30? 


Answer: When C = 30, F = 86 


The verbal formula is: 


(1) Start with F 

(2) Subtract 32 

(3) Multiply by -| 

(4) The answer is C. 

So in this case we have: 


( 1 ) 

Start with F 

i 

The answer is F 

i 


( 2 ) 

T 

Subtract 32 ****** 

T 

Add 32 

A, 


(3) 

+ 5 

Multiply by - <h- 

+ * 

Divide by | 
t 

lieoall that dividing by 5/9 
is the seme as multiplying 
by 9/5. That is, to divide 
we invert and multiply. 

(4) 

The answer is 30 -*■ -*• 

Start with 30 


o 
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In other words, the inverse formula is: 

(1) Start with C 

(2) Divide by (or Multiply by -|) 

(3) Add 32 

(4) The answer is F. 

Starting with C ■ 30 we have: 

(1) Start with 30 

(2) Multiply by | (| X 30 = 9 X 6 - 54) 

(3) Add 32 (54 + 32 - 86) 

(4) The answer is C (86) 

Note 

In the language of algebra, we have 
C = | (F - 32) 

30 = |(F - 32) 

which 13 an algebraic equation . To isolate F 
we have to unblock the parentheses first. 

Since 5/9 is multiplying the parentheses, we 
first divide both sides of the equation by S/9 
(or multiply by 9/S) to get: 

f X 30 = F - 32 
o 

or 

54 « F - 32 

To get F by itself we then undo subtracting 
32 by adding 32 to both sides of the equation 
to get: 

54 = F - 32 
+ 32' + 32 

88 = F 

Additional drill is left for the Self Test, but 
for now let's turn our attention to a final 
illustration. 


Remember the order. Since 
subtracting 32 tdas the 
first arithmetic step in the 
original formula, subtracting 
32 will be the last arith¬ 
metic step in the inverse 
formula. 


Again, remember that if this 
approach is too abstract, it 
simply does in symbols what 
we did above in verbal form. 
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TVlustration 2; 

The Relationship Between the Time and the 

Dietance that a Fv&elu-Falling Body Falls 

In the 16th century the Italian scientist 
Galileo discovered a relationship between the 
distance a freely—failing body fell and how long 
it took to fall that distance. Verbally the 


formula is: 

(1) Start with the time t In seconds. 

(2) Square the time 

(3) Multiply by 16 

(4) The answer is the distance d in feet. 
Algebraically the formula ie 

(1) Start with t 

(2) Square it . 

o 

(3) Multiply by 16 . 16 (t } 

2 

(4) The answer is d in feet . d ** 16(t ) 

Example 21 

2 

Uae the formula d “ 16(t ) to find d if 
t = 3. 


If we replace t by 3 we get: 
d = 16(3 2 ) 

» 16{9) 

- 16 X 9 or 144 

In words: 

(1) Start with 3 

(2) Square it (9) 

(3) Multiply by 16 (9 X 16 = 144) 

(4) The answer is d feet (144 feet) 


This formula is valid in the 
absence of air veais lance 
and relatively close to the 
surface of the earth. Again 
you don't have to understand 
why the formula works in 
order to be able to use the 
formula. 


The parentheses indicate 
that we multiply by 16 
after we square t. That fe, 
we do what's in the paren¬ 
theses first. 


Answer: When t = 3, d = 144 


In other words 3 the freely- 
falling body falls 144 feet 
during the first 3 seconds 
it falls. 
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In using formulas it is important to renumber 


denominations. 

Example 22 

2 

Use the formula d = 16(t ) to find how far 
au object falls in 1 minute. 

To use the formula t must be in seconds . 
Therefore if we replace t by 1, we are finding 
the distance the object falls in 1 second. Since 
we want the distance it falls in 1 minute, we have 
to use the fact that a minute is 60 seconds. 

That is: 


<1> 

Start with the 

t ime in seconds.. 

.60 

(2) 

Square it. 

...60 2 = 60 X 60 = 

3,600 

(3) 

Multiply hv 16 

_3,3600 X 16 = 

57,600 

(4) 

The answer is 
object falls.. 

the number of feet 

the 

feet 


The algebra comes into play when we want to invert 
the formula. We would do this, for example, if we 
knew how far the object fell and we wanted to determine 
how long the object had been falling. 

Example 23 

2 

Given the formula d ■ 16(t ), find the 
value of t when d = 784. 

We want to invert the formula: 

(1) Start with t 

(2) Square it 

(3) Multiply by 16 

(4) The answer is d 
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Answev: In 1 minute the 
object falls S7 3 600 
feet 


Algebraically have: 

d (feet) = 16(60 2 ) 

= 16(1,600) 
= 57,600 


Answer: 7 

That is, it takes a freely- 
falling body 7 seconds to 
fall 784 feet . 


We want to replace d by 784 
and then figure out what 
the value of t was. 










Remembering that the square root undoes 
squaring and that division undoes multiplication, 
we have; 


Cl) 

Start with t 

The answer is t 

4 

4 

(2) 

Square it 

-► -► Take the square root 


+ 

4 

(3) 

Multiply by 16 

+ Divide by 16 


4 

4 

(4) 

The answer is d 

+ Start with d 

4 

•J'he inverse formula 

Hence the inverse formula in verbal form is: 

CD 

Start with d.•-. 


(2) 

Divide by 16...• 

.784 4 16 = 49 

(3) 

Take the square 

root.i/49 ■* 7 

(4) 

The answer is t 

*»**»» ...7 


If we wanted to use the algebraic form of 

2 

undoing, we start with 7B4 • 16(t ). Since 
t is in9ide the parentheses and 16 is mult¬ 
iplying what’s In the parentheses, we begin 

by dividing both sidea of the equation by 16 

2 

to get 784 f 16 ■ t ♦ Then since t appears 
squared we undo this by taking the square root 
of both sides to get: 

/78TTT6 = t 
/49 - t 
7 = t 

Pursuing these topics further would best be served 
as part of an algebra course. For this reason, additional 
remarks will be reserved for the Self Test. 


In fraction form; ? 

784 _ ' 

TT - 4$ ' 


This is an arithmetical 
equation that can be solved 
by what we 've done in the 
previous eleven modules. 


O 
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Tills completes our saga of arithmetic. We began 
with the simple observation of how people learned to 
count and proceeded to show how special language made 
it easy to express numbers* 

We then showed how logic could help us find numerical 
answers to problems more effectively than trial-and- 
error randomness. 

Once we learned how to do various arithmetical 
computations, we showed how they were used In solving 
problems that occurred in everyday life. This 
led to.rmr being able to construct and interpret 
formulas. 

Finally, we saw that there were times when even if 
we had the formula we might have to know how to invert 
it in order to get the correct answer to a problem. 
Perhaps the most important thing about being able to 
Invert a formula Is the high degree of logic that r s 
involved. In the long run, the most valuable thing any 
course has to offer is to help us learn to think. 

So if you feel more comfortable with numbers and 
arithmetic now; if you feel that you are better able 
to think in quantitative terms; . if you feel you are 
now willing to try the next level mathematics course; 
or most importantly, if you feel better about yourself 
now than when the course began; then wc feel that the 
course has been an unqualified success. 


This is probably the most 
difficult partj but if we 
can't do this there is not 
much use in being able to 
do the computations. 
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APPENDIX : A Note on Temperature Scales 

Heating a liquid will usually make it expand; 
cooling it will make it contract. This is the 
principle behind a mercury thermometer. Mercury 
is placed in9ide a tube with a very narrow cross 
section. In this way if the mercury expands It 
has no room to move, other than up the tube; and 
if it contracts, it has no room to move, other 
than down the tube. A bulb at the bottom of the 
tube serves as a reservoir for the mercury. The 
cross section of the tube is so small that we usu¬ 
ally encase it in a magnifying glass to help us 
better read the mercury level (see diagrams in 
the margin). 

Both Fahrenheit and Celsius used a scale of 
100 to base their readings on. Fahrenheit left 
the thermometer outside his window one cold morn¬ 
ing and marked the mercury level at that time 
by 0. Then he took his body temperature and 
marked the mercury level at that time by 100. 

(So if things had been "normal”, normal body 
temperature would have been 100°F) 

Celsius wanted reference points that were 
less subjective that Fahrenheit’s. After all 
what was noteworthy about the weather one 
morning where Fahrenheit lived or about 
Fahrenheit’s body temperature . 


■ thin tube 


\ ^mercury 

reservoir 


\ „ 

easier for us to 
see the mercury 
level . 


The word n grad fr means 
" degree" and ”centi N means 
"hundred". So ”centigrade" 
(which was used before the 
term "Celsius) simply meant 
"100 degrees ). 


c 
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Since everyone could relate to the freezing point 
and boiling point of water, Celsius called the 
freezing point of water 0 (0°C) and the boiling 
point 100 (100°C). In terms of Fahrenheit’s scale 
it turned out that the freezing point of water was 
32 (32°F) and the boiling point was 212 (212°). 

The key point is that the mercury level doesn't 
depend on whether we use the Fahrenheit scale or 
the Celsius scale . All that changes is the number 
(adjective) that flames the number of degrees . 

For example, 100°C and 212°F name the same mercury 
level (temperature ). 

If we measure the change in mercury level in 
terms of Celsius’s scale in going from the freezing 
point of water (0°C) to the boiling point (100°C) 
we get 100°C - 0°C or 100°C. If we use Fahrenheit's 
scale In going from the freezing point of water (32°F) 
to the boiling point of water (212°F) we get 
212°F - 32°F or 180°F. That is, there are: 

100°C per 180°F 

or 

5°C per 9° F 

If we now divide both sides of the last rate 
by 9 we get: 

5 °C per 1°F 

9 



(212) I 100 (boiling point 
of water) 


180°F< 


(32) 


0 (freezing point of 
water) 


0 


a cold morning in 
Copenhagen 



We're divding both numbers 
in the ratio by 20, which 
doesn't change the rate. 


That is, 5/9 of the change 
in Fahrenheit degrees gives 
us the change in Celsius 
degrees . 
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So suppose we 1 re given a Fahrenheit reading 
and want to see how it compares with 0 C« For 
example, suppose we had the reading 68 F. 0 C 
corresponds to 32°F. So to see how high the 
mercury is above 0°C, we begin by subtracting 
32°F from 68°F. This gives us the height above 
0°C measured in the Fahrenheit 9cale(68 F - 32 Fy 36 F). 
Since every 9°F is equivalent to we take 

-| of 36°F to get 20°C. 

We didn't have to start with 68°F. In fact, 
from a more general point of view: 

1. Start with the Fahrenheit reading (F) 

2. Subtract 32 (to get the height scaled 

to 0°C) 

3. Multiply by (to convert the answer to °C) 

In terms of a formula: 

(F - 32) X | - C 

or 5 

C - (F - 32) X | 

= | X (F - 32) 

= |(F - 32) 

Notice that it is not important to understand 
why the formula works in order to bo able to use 
the formula. However it is "enriching" to understand 
why formulas work. We'll talk more about this in 
Video Lecture 12B to help make sure you understand 
this important point. 


68 


36 


32 


'J- of 36 = 20 

(that is, 20 C 
"above 0") 


<§ 
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